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Abstract-In dealing with multidimensional simulations, many authors have shown that a major 
cause of numerical dispersion errors is due to the flow being skewed to the coordinate axes. Crane and 
Blunt (l] have shown that the stream-wise transformations can reduce the numerical errors associated 
with the multidimensional transport equations. However, it has been proven that no transformation 
can completely diagonalize the multidimension conservation equations. 
It shall be demonstrated that a subset of the multidimensional Euler equations can be diagonal- 
ized, but not the entire set. The formulation of the conservation equations into the local stream-wise 
coordinate system is extended to the time-dependent, two- and three-dimensional (2D and 3D) con- 
servation equations. At any point in space, there exists a set of local rotations that aligns the fluid 
velocity vector coincident with the stream-wise coordinate; hence, the fluid velocity components or- 
thogonal to the stream-wise coordinate are identically zero. Such transformations result in a subset 
of PDEs that are diagonalized, namely, the mass, total energy, and principal momentum density 
PDEs. However, the orthogonal momentum component conservation PDEs are not diagonalized and 
are multidimensional; these PDEs are responsible for streamline bending. @ 2002 Elsevier Science 
Ltd. All rights reserved. 
Keywords-conservation equations, Flows skewed to coordinate axes, Stream-wise coordinates, 
Point-wise rotational transformations, Partial diagonalisation of conservation equations. 
1. INTRODUCTION 
It, has been commonly observed that the numerical simulation of the multidimensional Euler 
and Navier-Stokes equations suffer from considerable dispersion when the advective transport 
is skewed to the coordinate axes. Crane and Blunt [l] showed that, for a&e&ion dominated 
species transport, the streamlined based simulators suffer from far less numerical dispersion 
than the finite difference and element models, and typically execute faster. They transformed 
the 3D solute transport equations into 1D streamline equations using the time-of-flight variable 
transforms of Datta-Gupta and King [2]. 
For gas-dynamics, several authors have investigated the minimization of numerical dispersion 
in shock capturing schemes. Hirsch [3] and Deconinck et al. [4] attempted to diagonalize the 
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Euler equations. Starting with the 2D Euler equations of the form 
Qt+F,+G,=O, 
where 
* = [PI m, n, El+, 
where the following relations are used: 
m = pu, 
n = pv, and 
p = (y - 1) E - 0.5* 
{ m2 + n2} 1 P ' 
(14 
and 
(lb) 
(lc) 
(Id) 
(2a) 
(2b) 
(2c) 
and where y is the ratio of the specific heats of an ideal gas at constant pressure to constant 
volume, u and v are the flow velocities along the z and y coordinates, respectively. Alternatively, 
equation (1) can be written in terms of the Jacobians, A and B, yielding 
where 
(3a) 
A=$ and 
B=dG 
C3Qk’ 
(3b) 
(3c) 
The idea used by many researchers previously, such & Deconinck et al. [4] and Powell et al. [5], 
is to assume that there exist wave-like solutions, Q = 9(k l x - At). Then, equation (3a) is cast 
into an eigenvalue problem, 
[cos(a)A + sin(o)B - XI]S’(k l x - At) = 0. (4) 
The eigenvalue problem, equation (4), has a nontrivial solution if \Ir’(k l x - At) is a right eigen- 
vector of (cos(a)A + sin(a)B) having the eigenvalue X. The choice of the rotation angle, (Y, 
depends upon the numerical approximation scheme employed and the velocity components and 
the pressure gradients. 
There are conditions for the two-dimensional wave propagation components that define the 
rotation angles, yielding two acoustic waves, two shear waves, and an entropy wave, or four 
acoustic waves, a shear wave, and an entropy wave. But, in general, authors such as Deconinck et 
al. [4] concluded that one cannot completely diagonalize the Euler equations in all circumstances 
because waves can travel in an infinite number of directions. Levy et al. [6] used a finite volume 
formulation in which a rotated Riemann solver is used to compute an upwind flux in a direction 
that minimizes the changes in the pressure and velocities. A second flux that is normal to the first 
is computed so that the two fluxes projected onto a cell face define the flux in the cell integral. 
The result was improved shock capturing ability compared to traditional grid aligned upwind 
schemes. 
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In general, there are three approaches toward more accurate differencing schemes. The first is 
based upon the characteristic compatibility equations of Deconinck et al. [4]; the second is the 
simple wave decomposition of Roe [7] and Rudgyard [8], and the third is the projection onto a 
basis of steady and unsteady patterns of Roe [9]. 
Roe and others have found that it is necessary to use a dual grid approach to the finite difference 
solutions. One grid is attached to a fixed Cartesian frame, while another rotated local grid is 
constructed. Then Roe’s linearized Gudonov method is used to capture the eight elementary 
waves associated with the Riemann problem. In an attempt to move away from structured 
grids, Mueller et al. [lo] applied rotated multidimensional upwinding schemes with Delaunay 
triangulation, and Carette et al. [ll] applied rotated multidimensional upwinding schemes to 
finite element methods. Kontinos [12] has presented a review of the current rotated upwind 
algorithms; he concludes that cell-center strategies have the best hope of further development 
in 2D and 3D. He also shows the complicated nature of the finite difference rotation algorithms 
being used. 
Powell et al. [5] reported that the four acoustic wave model outperforms the standard MUSCL 
schemes, but its performance on the airfoil cases is disappointing. The stagnation points are not 
well predicted by wave models because of overdamping in such regions. In addition, the wave 
models lead to an underdamping of portions of the flow in the transonic airfoil case producing 
expansion shocks. 
This paper will consist of four sections. 
1. The derivation of the two-dimensional Euler equations in the stream-wise coordinate sys- 
tem. 
2. The derivation of the three-dimensional Euler equations in the stream-wise coordinate 
system. 
3. The derivation of the two-dimension Navier-Stokes equations in the stream-wise coordinate 
system. 
4. A brief discussion of the numerical implementation of the stream-wise coordinate system. 
2. ALTERNATIVE TWO-DIMENSIONAL TRANSFORMATIONS 
As pointed out by Crane and Blunt [l], it is most desirable to cast the multidimensional con- 
servation equations into a stream-wise coordinate system to minimize the errors associated with 
advection skewed to coordinate axes. However, as shown above, it is not possible to diagonalize 
completely the entire set of Euler conservation equations. The approach taken in this report is 
to determine whether it is possible to diagonalize a subset of the conservation equations in the 
stream-wise directions to minimize errors associated with flows skewed to the coordinate axes. 
The physical laws of conservation of mass, momenta components, and total energy are not 
specific to any reference frame. Since reference frames are arbitrary, it is possible to find a 
reference frame in which simplifications from rotational and/or Galilean transformations can be 
exploited. What is essential is that the rules of transforming between reference frames be stated 
explicitly. 
The two-dimensional Euler equations present in equation (1) can be expanded as 
Pt + m, + nv = 0, (54 
(5b) 
mt - u2pz + 2um, + p, - uvpy + umy + uny = 0, 
nt - uvp, + vmy + uny - v2py + 2vn, + py = 0, 
along i, (5c) 
along j. (5d) 
Equations (5a) and (5b) are the conservation equations for the scalar quantities, mass and to- 
tal energy, respectively. Equations (5~) and (5d) are the conservation equations of the vector 
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components of momentum along the z and 9 axes, respectively. The basic reason why the set 
of the Euler conservation equations cannot be simultaneously diagonalized is the nonsymmetric 
structure of the momentum conservation equations. 
Recall the momentum vector in Cartesian geometry is given by M = mi + nj. At each 
discrete interval in time, consider a rotation at a specific point in space, (LC, g), of the momentum 
components through an angle, 8, so that 
iW =mcosO+nsinQ, @a) 
N’= -msin0+ncosO. (6b) 
For brevity, define 
c = cos 8, 
S = sing. 
(74 
(7b) 
Choose B so that N’ = 0. Define that angle at which N’ = 0 to be 8 = 0(x, y, t) defined by 
9=tan-l f . 
( > (8) 
The magnitude of the momentum is 
since IN’1 = 0. 
The question may be asked is there any computational advantage to be gained by rotating the 
time dependent ~onser~tion equations into the principal flow directions One can construct a local 
orthogonal coordinate stream-wise coordinate system (x’, y’) in which the flow is locally parallel 
to the z’axis. Then, a subset of the governing PDEs has a local one-dimensional behavior. 
Define a rotation R to be 
R = -“s ; . 
( > 
(10) 
The inverse of R is merely its transpose since R is unitary. 
Define local Cartesian unit vectors, ei and e2, that are obtained from the unrotated system by 
fll) 
Then, 
M=mi+nj, 
(12b) 
since N’ = 0 by construction. It follows that U’ = W/p, and 
M’C 
u zz ~ = U’C, and 
P 
Wa) 
M’S 
q) = - = lys. 
P 
(13b) 
In the rotated coordinates, it is necessary to transform the gradient and divergence operators 
that act upon scalars, vectors, and tensors. 
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Since the coordinate system (z’, y’) is orthogonal, the gradient operator is 
V’= -&e1+ f3 dy’ e2 
and the partial derivatives in each coordinate system are related by 
(14b) 
(14c) 
It can be shown that the divergence of the momentum vector reduces to MZl. Consider the 
following: 
V’oM= &ei*+$ez* (eiM’+ezN’)=M$+N$. 
> 
The next step is to demonstrate that Ni, = 0. Starting from N’ = (-Sm. + Cn), then 
NL, = (-Sm + Cn),! = (-Sm,~ + Cn,) - (Cm + Sn),,) = (Cn,, - Sm,, - M/8,,) (16) 
Given that 
e = tan-l ; , 
( > 
then 
evi = ( 
mnyt - nm,f) _ (Cn,f - Sm,t) 
M’2 - Ml * 
The insertion of equation (17) into equation (16) gives 
(17) 
N;, = 0. (18a) 
Similarly, one can show that 
N;, = N; = 0. (18b) 
Since NJ, = Ni, = Ni = 0, it follows that 
M’B,, = -Sm,t + Cn%,, 
M’Q = -Sm,t + Cn,t , 
M’& = -Smt + Cnt. 
(I9a) 
(I9b) 
(19c) 
(15) 
Because of the choice of the angle of rotation, equation (7), was made, the momentum compo- 
nent, N’, along the y’-axis is zero. With this choice of the angle of rotation, then N$ = N$ = 
Nl = 0. Equations (19a)-(19c) will be used later. 
Then, because of equation (18), 
V’oM= ML, and (2Oa) 
for any scalar, @, 
V’ l (QM) = (@M’),, . W’b) 
In the rotated coordinates, the conservation of mass and total energy density equations are 
~t+v’aM=p~+M;, =o, (21) 
Et+V’o [“‘“p’Eq =Et + [U’(E + P)],, = 0. (22) 
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The next step is to deduce the form of the two momentum conservation equations in the 
stream-wise coordinate system. The starting point is the fixed coordinate system, equation (3), 
mt+V’o 
mm ( > - +vp=o, P (234 
having component equations 
mt - u2pz + 2um, + p, - uvpy + vmy + uny = 0, 
nt - uvp, + vmy + unY - v2pY + 2vn, + py = 0, 
along i, 
along j. 
(23b) 
(23~) 
Recall M’ = Cm + Sn, and N’ = -Sm + Cn. Then to deduce the form of the momentum 
component conservation equations in the rotated frame, two stages are required. For stage one, 
multiply equation (23b) by C and equation (23~) by S, and add the result. For stage two, 
multiply equation (23b) by -S and equation (23~) by C, and add the result. 
The result from stage one, along ei, is 
(Cmt + Snt) - U’(up, + up,) + v(Sm, + Cm,) 
+u(Sn~ +Cn,) + 2(Cum, + Swn,) + (Cp, + sp,) = 0, 
and the result from stage two, along es, is 
CeSrnt + Cnt) - U’(up, + up,) + v(Cm, _ sm,) 
+ u(Cnz - Sn,) + 2(-Sum, + Cvn,) + (-sp, + cpy) = o. 
(25) 
Insert equation (13) into equations (24) and (25), giving 
Mt’ - (U’)” (CPZ + SP,) + 2u’ (CM; + SMb) + (CP, + Spy) = o, (26) 
(kSmt + Cnt) + U’[-S(Cm, + Sm,) + C(Cn, + Sny)j + (_sp, + cpy) = o. (27) 
Using equations (6a),(6b),(13a)-(13d),(14a),(14b),(19b),(19c) in equations (26),(27) yields 
[M; + 2U’M$ - (U’)2 pz/ + pz’] = 0 and (23) 
[M’{& + im,~} + pyf] = 0. (29) 
In the stream-wise coordinate system, it follows that 
and 
Mi = Mler + (M’&) e2. (30b) 
So for gas-dynamics, the 2D Euler conservation equations in the stream-wise coordinate frame 
are 
pt + M;t, = 0, 
Et + [U’(E + p)],, = 0, 
[M; + 2U’M;, - (U’)2 psi + I)~,] = o, 
M’ (et + u’ezt) + p,t = 0. 
(31) 
(32) 
(33) 
(34) 
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In the Eulerian frame, the two-dimensional Euler equations in the stream-wise coordinate sys- 
tem reduce to three one-dimensional equations, and one two-dimensional equation that represents 
the bending of stream-lines. 
The partial time derivative in the Euler formulation is related to Lagrangian formulation 
by $ = & - U’ & in the stream-wise coordinate system. In the transformed (z’, y’) system, 
it is straightforward to show that the Lagrangian form of the conservation equations reduces to 
the following: 
g + (U’P)~, + EU;, = 0, 
DM’ 
Dt + U’M;, - (U’)2 pzt + p,t 1 = o, 
(38) 
Note that by using two transformations, the first a rotation into the stream-wise frame and the 
second into a Lagrangian frame moving at stream-wise coordinate fluid velocity, the conservation 
equations are now all one dimensional. 
Consistent with the conclusions with Hirsch, Deconinck, and Lacer, the multidimensional Euler 
conservation equations cannot be simultaneously diagonalized. However, a subset (of mass, total 
energy, and principal momentum density) can be diagonalized into 1D PDEs. What differs 
from the previous work is the choice of the rotation angle, equation (7), and, as a consequence, 
equations (18a) and (18b) hold. 
Because of the local 1D form of equations (31)-(33), this set of coupled equations will have 
three characteristics velocities (VI - a, Uf, and UI + a) where a is the sound speed, along ei in 
this local frame. However, the change in rotation angle is truly two dimensional. The Eulerian 
frame conservation equations, equations (31)-(34), are consistent with the steady-state equations 
presented in the reference books of Chorlton [13], Thompson [14], and Panton [15]. For the 
case of 2D shock waves, Courant and Friedrichs [16] have already derived the jump conditions. 
However, in the Lagrangian, local stream-wise coordinate frame, the conservation equations are 
one dimensional. 
3. EXTENSIONS TO THREE DIMENSIONS 
The rotation of the fluid momentum components into the principal flow direction and the 
construction of a local stream-wise coordinate system are simple in two dimensions because there 
is only one plane of rotation. In three dimensions, additional rotations are necessary. The purpose 
of these rotations is to transform the three-dimension momentum vector into a new orthogonal 
system so the fluid momentum is aligned with the stream-wise coordinate, x”, so that 
M = mi + nj + ok = M”el + We2 + 0”e3, (3% 
and N” = 0” = 0. 
A series of successive rotation angles are sought on each plane that yields two zero orthogonal 
components, and one nonzero normal component. Such rotations can be simplified into two 
stages. 
STAGE 1. First, find a rotation angle, 81, that transforms m and n into M’ and N’ where 
ei = tan-’ 1 , 
( > 
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and the magnitude of the momentum density is 
M’ = dm. (41) 
This defines a rotated (z’, y’) system in which M’ is along z’ and N’ = 0 is along y’ where 
2’ = xc1 + ys1, 
y’ = -xs1 + yc1, 
(424 
(42b) 
and where Cr = cos(&) and Sr = sin(&). 
Similar to the 2D case, it can be shown that 
N;, = N;, = N; = 0, and 
M’(&)z’ = -Srm,’ + cm,,, 
M’(6), = -Smt + CInt. 
STAGE 2. The second rotation is now in the x’, z-plane. There exists an angle, 
e2 = tan-l + , 
( > 
such that the magnitude of the principal momentum is 
[M”I = J m2 + n2 + o2 (46) 
and 0” = 0. 
Define C’s = cos(e2) and S2 = sin(e2). Then, the 
5” = Csx’ + 
y” = y’, 
(43) 
(444 
(44b) 
(45) 
coordinates transform as 
S2& (47a) 
(47b) 
2” = -&x’ + c2.5 (47c) 
and 
N” = N’ = 0, 
0” = 0. 
(474 
(474 
The magnitude of the principal momentum density, M”, is coincident with the coordinate, x”, 
and 0” is zero along the coordinate, z”. 
so 
M = M”el + N”e2 + 0”eg = M”el. (48) 
Using similar arguments to the 2D case, and using equations (43),(44), it can be shown that 
(N”),,, = (0”),,, = (N”),,, = (0”),,, = (N”),,, = (O”)z,, = (N”), = (O”), = 0. (49) 
Similar to the two-dimensional case, and given the choice of the two rotational angles, 0r and f&, 
the following relations hold: 
M”(e&” = -SsM& + C201,‘, 
M”(&)t = -S2M; + C20t, 
(504 
F’b) 
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so that 
V”oM = M” I” and (5Ia) 
V” l (@M) = (QM”),,, . @lb) 
In three dimensions, V”* (M”M”/p) is expanded, using the definitions of 81 and 02, as follows: 
V” l ( y ) = { 2U”M$ - (U”)2 pI//} ei + ($) (&),/es + (5) (82)1,,es. (52) 
With these preliminaries, the three-dimensional Eulerian, stream-wise coordinate, conservation 
equations reduce to 
pt + M;r 
and 
Et + [u(E + P)],,/ 
[M,” + (2U”M.$ - (U”)” pl,,) + pz,,] ei 
= 0, (53) 
= 0, (54) 
= 0, (55) 
[M’ {(Q + We&~) + P,J~] e2 = 0, 
[MI’ {(e2jt + u”(e2),11) + W] e3 = 0, 
where U’ = (M//p) and U” = (M/‘/p). 
(56) 
(57) 
As with the two-dimensional case, the conservation of mass, principal momentum, and total 
energy density conservation in the stream-wise system appears to be one dimensional. However, 
two orthogonal momentum component conservation equations are two dimensional, rather than 
three dimensional. 
4. TREATMENT OF NAVIER-STOKES EQUATIONS 
IN THE STREAM-WISE COORDINATES 
This analysis can be extended to the more general Navier-Stokes equations. Only the two- 
dimensional Navier-Stokes equations will be presented here. The Navier-Stokes equations are 
similar to the Euler equations, except there are momentum and energy dissipation terms present. 
The set of Navier-Stokes equations, neglecting the viscous dissipation of energy, are 
Pt + m, + ny = 0, (584 
mt - u2pz + 2um2 + pz - uupy + vmy + uny = [(pu,), + (PU~)~], 
nt - uwp, + wmy + uny - u2Py + 2vny + P, = [(P& + (P~~)~I~ 
along i, (58c) 
along j. (584 
Here, ~1 is the viscosity, K is the thermal conductivity, and r is the temperature obtained from 
the ideal gas law, and u = m/p and w = n/p. From the relations already developed, one can 
show that the two-dimensional Navier-Stokes equations in the stream-wise coordinate system are 
pt + ML, = 0, (594 
Wb) 
[M,’ + 2U’M;l - (U’)2pz’ +pz~] = [(&,),, + (~u;r)~, - U’ {(&,)2 + (&J)~}] , PC) 
M’ (et + u’ezf) + pyj = [u’{(pezf),, + (pe,,),, 11 . (594 
For solid mechanics, the conservation equations have a similar form, except that the momenta 
displacements are generated by the divergence of a stress tensor, u, rather than a pressure 
gradient. The transformation of the stress tensor into the (zr’, y’) coordinate frame is simply 
u = RaR-‘; this transformation can be found in any tensor analysis textbook. 
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5. DISCUSSION 
As stated by Deconinck et al. [4], the multidimensional Euler equations cannot be diagonal- 
ized. The reason for this is that there do not exist any transformations that diagonalize the 
multidimensional Jacobians simultaneously. Many authors have tried to achieve some measure of 
diagonalization by the optimizing the angles of rotation due to the ratio of the flow and pressure 
differences. 
The approach presented here differs from the previous works by the choice of the local rotation 
angles. By choosing local rotation angles that require the principal momentum component be 
coincident to a stream-wise coordinate axis, a subset of the multidimensional conservation PDEs 
are diagonalized, or are 1D; the remaining momentum conservation PDEs are 2D, accounting for 
the local bending of streamlines. 
For numerical calculations, the construction of a stream-wise coordinate mesh that changes in 
space and time may not be practical, especially in 3D. An alternative approach is to formulate 
the numerical solution in terms of a mesh-free, radial basis function expansion of the dependent 
variables defined at nodes; see [17,18]. With no mesh, a point x = (2, y, z) can easily be rotated 
into a local transformed coordinate frame, (z”, y”, z”), in which the flow is locally parallel to the 
x” coordinate. Without a mesh, there is no worry about breaking mesh connectivity or producing 
transformed meshes with bad cell aspect ratios. The only restriction placed upon radial basis 
functions is that no two points can be coincident. 
This scheme has been implemented for several time dependent 2D problems in which the 
dependent variables are expanded in terms of radial basis functions. These highly accurate 
results will be presented in a future paper. 
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